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Tong).This article presents analytic solutions of energy release rates of a cracked laminate by using a global–
local method. Deformations of a cracked laminate subjected to pure bending moments are analyzed
and then a new mode partition equation is proposed. By using this partition equation, closed-form solu-
tions of energy release rates GI and GII are derived by using a global method. For a cracked laminate sub-
jected to axial forces and bending moments, a local method based on the crack-tip force model is used
and the unknown coefﬁcient is solved by combining the present analytic solutions for the bending
moment loading case. Numerical results of the mode mixity predicted by the present closed-form formu-
lations correlate well with those numerically calibrated on the basis of the singular ﬁeld and crack-tip
force models.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Laminated structures are widely used in engineering, such as
composite laminates, adhesively bonded joints, thermal barrier
coatings and surface bonded ferroelectric wafers in intelligent
structures. Delamination is one of the most common failure modes
in laminated structures. Failure prediction in structural design of-
ten needs to use the total energy release rate and mode mixity.
Various formulas of energy release rates for delamination or
interface fracture can be found in literatures (Thouless et al.,
1987; Rice, 1988; Williams, 1988; Schapery and Davidson, 1990;
Hutchinson and Suo, 1992; Bruno and Greco, 2001; Wang and
Qiao, 2006; Luo and Tong, 2009a). In these formulations, the pre-
dicted total energy release rates are almost the same, but the mode
mixities are signiﬁcantly different. Because crack initiation and
propagation depend on the mode mixity (Kinloch et al., 1993; Ben-
zeggagh and Kennan, 1996; Davidson et al., 2000; Ducept et al.,
2000; Camanho et al., 2003; Zou et al., 2003; Ostergaard et al.,
2007; Azari et al., 2009; Davidson and Sidles, 2011), an accurate
calculation for the mode mixity is critical to predict structural fail-
ure loads by using fracture mechanics based failure criteria and
thus has attracted much attention.
Consider a cracked laminate as shown in Fig. 1. When it is sub-
jected to axial forces and bending moments, its stress intensity fac-
tors or energy release rates can be expressed in terms of two
independent load parameters and four conﬁguration (geometryll rights reserved.
+61 2 93514841.
yong.tong@sydney.edu.au (L.and materials) coefﬁcients. Suo and Hutchinson (1990) adopted
external forces P and M and derived the total energy release rate
(GT) based on the singular ﬁeld near a crack-tip. Schapery and
Davidson (1990) selected crack-tip forces Nc and Mc and formu-
lated GT by using virtual crack closure technique (VCCT) based on
the classical laminate theory.
Both (Suo and Hutchinson, 1990; Schapery and Davidson, 1990)
showed that the classical beam analysis does not give sufﬁcient
information to completely decompose GT to obtain the mode mix-
ity as only three out of four conﬁguration coefﬁcients can be deter-
mined. One unknown parameter is independent on loadings and
thus can be numerically calibrated by considering one speciﬁc
loading case for a given laminate conﬁguration. Suo and Hutchin-
son (1990) used the unknown parameter x and calibrated it by
using a numerical integration approach. Davidson et al. (1995) de-
ﬁned the different parameter O and calibrated it by using ﬁnite ele-
ment analysis (FEA). These formulations are often referred to as
local methods as they include local details (stress singularity or
crack-tip forces) near the crack-tip. The obtained mode mixity is
also referred to as the local one.
Williams (1988) used the classical beam theory to determine
total energy release rate andmode mixity, in which stress singular-
ities or crack-tip forces were not considered. It is widely referred to
as the global method as well as the global mode mixity in contrast
to the local method with the crack-tip details. In the mode parti-
tion, Williams (1988) assumed: (1) the same curvatures in two
arms caused by bending moments give pure mode II; (2) the uni-
form normal strains created by axial forces produce only mode
II; (3) shear forces give rise to mode I only. Bruno and Greco
(2001) and Wang and Qiao (2006) used the mode partition method
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Fig. 2. Rotation analysis of a cracked laminate subjected to bending moments.
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Fig. 1. A cracked laminate subjected to general stress resultants.
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assumptions. The mode mixities derived by Williams (1988), Bru-
no and Greco (2001) and Wang and Qiao (2006) are different, par-
ticularly for the case with axial forces applied to the substrates. It is
noted that numerical calibrations are not necessary in these global
mode partitions.
The local and global mode partition methods have been used to
determine the mode mixity of energy release rates for adhesive
debonding (e.g., Fernlund et al., 1994; Nairn, 2000; Ducept et al.,
2000; Alfredsson and Hogberg, 2007). For adhesively bonded
joints, another approach to calculate energy release rates is to
use edge shear and peel stresses smax and rmax. The energy release
rates obtained by the edge stresses can be used to predict mode
mixities for adhesively bonded joints (Fernlund et al., 1994; Alfr-
edsson and Hogberg, 2007; Luo and Tong, 2008, 2009c). By letting
the interface stiffness approach inﬁnite (Bruno and Greco, 2001;
Bruno et al., 2003) or the adhesive thickness approach zero (Luo
and Tong, 2009a,b), the energy release rates for delamination are
obtained. Numerical comparisons (Bruno and Greco, 2001; Luo
and Tong, 2009b) showed that these mode mixities for delamina-
tion are global rather than local ones. In these formulations,
numerical calibrations are also not used.
In the various formulations, the mode mixities determined
based on the global and local methods are quite different for asym-
metric substrates even though the total energy release rates are al-
most the same. In dealing with interface fracture of bi-materials,
the local method for mode mixity predicts better results (Hutchin-
son and Suo, 1992). Use of the global mode mixity may be reason-
able when a K-dominant zone does not exist (Kinloch et al., 1993;
Benzeggagh and Kennan, 1996; Davidson et al., 2000).
The global and local mode mixities may not be compared di-
rectly because they are determined on the basis of different theo-
retical models. The differences between the local and global
mixities were described by using a phase angle shift (Williams,
1988; Charalambides et al., 1992; Wang and Qiao, 2006). Zou
et al. (2001) and Bruno et al. (2003) used the sub-laminate theory
and the global method to decompose the mode mixity. Both works
showed that the global mode mixity approaches the local one with
an increase in the numbers of sub-layers. This may evidence that
lack of local details in the global mode partition is a key difference
between the local and global mode mixities.
In this article, we consider local deformations of a cracked lam-
inate subjected to bending moments only and investigate mode
partition conditions. A new mode partition equation is proposed
and then closed-form formulas of energy release rates GI and GII
are derived by using the global method for delamination of a
cracked laminate subjected to pure bending moments. Simple for-
mulas of mode ratios for a cracked isotropic beam are obtained.
By using the derived energy release rates GI and GII for a cracked
laminate subjected to pure bending moments, the four conﬁgura-
tion coefﬁcients of the energy release rates are analytically formu-
lated for a cracked laminate subjected to a combination of axial
forces and bending moments as well as shear forces. A simple for-
mula of the mode ratio is derived for a cracked isotropic laminate
subjected to a pair of equal and opposite axial forces and an axial
force in substrate 1.Numerical results of energy release rates are presented and
compared with those predicted by Suo and Hutchinson (1990)
based on the singular ﬁeld model, ﬁnite element analysis using vir-
tual crack closure technique (VCCT) and Schapery and Davidson
(1990) based on the crack-tip force model. Differences and rela-
tionships of the local and global mode mixities are discussed.
2. Energy release rates of a cracked laminate subjected to
bending moments
2.1. Deformation analysis of a cracked laminate and mode partition
equation
Consider a cracked laminate in Fig. 1. The pure mode I can be
achieved by:
DuðxÞ ¼ Duð0Þ þ d½Duð0Þ
dx
xþ d
2½Duð0Þ
dx2
x2 þ    ¼ 0 ðd < x < 0Þ
ð1Þ
where Du is the relative axial displacement between the top surface
of substrate 2 and the bottom surface of substrate 1; d > 0.
When a cracked laminate is subjected to bending moments only
as shown in Fig. 2(a), due to absence of axial forces in substrates
behind the crack-tip, the relative axial displacement can be written
as:
DuðxÞ ¼ 1
2
½t2/2ðxÞ þ t1/1ðxÞ ðd < x < 0Þ ð2Þ
where t and / denote the thickness and cross-section rotation; sub-
scripts 1 and 2 refer to substrates 1 and 2.
A cracked laminate subjected to M1 and M2 is illustrated in
Fig. 2(b). On the basis of the classical laminate theory, we have:
d/iðxÞ
dx
¼ Mi
Di
x 6 c
d/i0ðxÞ
dx
¼ Mi0
Di
¼ M0
D0
xP cþ
8>><
>: ði ¼ 1;2Þ ð3aÞ
and
dn½/iðxÞ
dxn
¼ 0 x 6 c
dn½/i0ðxÞ
dxn
¼ 0 xP cþ
8>><
>: ðnP 2Þ ði ¼ 1;2Þ ð3bÞ
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Fig. 3. Finite element simulation for a cracked laminate subjected to bending
moments.
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cracked part; c and c+ are positive numbers. In Fig. 2(b), s and r
are interface shear and normal stresses; force components N0i and
M0i acting on substrates i (i = 1, 2) in the un-cracked part can be
found by using the classical laminate theory and equilibrium equa-
tions (Schapery and Davidson, 1990).
Considering Taylor expansions of /0i and /
0
i0, and using Eqs. (3a)
and (3b), one has:
d/iðxÞ
dx
¼d/iðc
Þ
dx
þd
2/iðcÞ
dx2
ðxþcÞþ¼d/iðc
Þ
dx
¼Mi
Di
ðx<0Þ
d/i0ðxÞ
dx
¼d/i0ðc
þÞ
dx
þd
2/i0ðcþÞ
dx2
ðxcþÞþ¼d/i0ðc
þÞ
dx
¼Mi0
Di0
ðx>0Þ
8>><
>>:
ði¼1;2Þ
ð4aÞ
As (Mi/Di) and (Mi0/Di0 =M0/D0) are constants, we have:
dn/iðxÞ
dxn
¼ 0 x < 0
dn/i0ðxÞ
dxn
¼ 0 x > 0
8>><
>: ðnP 2Þ ði ¼ 1;2Þ ð4bÞ
As there is no relative sliding at the crack tip, Duð0Þ ¼ 0. By
using Eqs. (2) and (4b), Eq. (1) becomes:
DuðxÞ ¼ d½Duð0Þ
dx
x ¼ 0 ð5aÞ
or:
d Duð0Þ½ 
dx
1
2
d/2ð0Þ
dx
þd/20ð0
þÞ
dx
 
t2
2
þ d/1ð0
Þ
dx
þd/10ð0
þÞ
dx
 
t1
2
 
¼0
ð5bÞ
By using Eqs. (4a) and (5b), the following mode partition equation
can be obtained:
M2
D2
þM0
D0
 
t2 þ M1D1 þ
M0
D0
 
t1 ¼ 0 ð6Þ
Eq. (6) is a new mode partition equation obtained on the basis of
deformation analysis for a cracked laminate subjected to bending
moments only. The local deformations near a crack-tip and root
rotations have been considered by a number of researchers (Wang
and Williams, 1992; Allix and Corigliano, 1996; Nairn, 2000; Li
et al., 2004; Wang and Qiao, 2005; Cotterell et al., 2006; Thouless
and Yang, 2008). Nevertheless, the present Eq. (6) is new as it is
not available in the existing literatures.
It should be pointed out that Eq. (6) is approximate due to
adopting the rigid plane assumption near a crack-tip and using
the average curvatures. Also, distributions of stresses s and r are
not considered and they are treated as resultant stresses concen-
trated at the crack-tip. It is noted that /0ið0Þ (i = 1, 2) do not exist
but /0ið0Þ and /0i0ð0þÞ (i = 1, 2) do. To estimate errors caused by
Eq. (6), ﬁnite element simulation using NASTRAN is conducted
for a cracked laminate as shown in Fig. 3(a), in which
M1 = 100 N mm and M2 = 300 N mm; t1 = 1 mm, t2 = 3 mm (equal
thickness of the three plies), a = 10 mm, L = 60 mm; Ea = 210 GPa,
Eb = 70 GPa, ma = 0.3 and mb = 0.35.
Fig. 3(b) shows rotations of substrates 1 and 2 and the embed-
ded diagram is an enlarged plot for rotations near the crack-tip, in
which the rotation is calculated by using the axial displacements at
the top and bottom surfaces of the substrates. Fig. 3(c) illustrates
the curvatures of substrates 1 and 2, in which the curvatures are
calculated by a numerical differentiation of the rotations. It is seen
that there is a transitional region near the crack-tip for the sub-
strate curvatures.
By observing the FEA simulation, cross-sections of substrate 1
or 2 approximately remain plane but may not be perpendicular
to the deformed axis any more near a crack-tip. Cross-section rota-
tions in Fig. 3(b) are calculated by ðuti  ubi Þ=ti, where uti and ubi areaxial displacements at top and bottom surfaces of substrate i (=1,
2). Curvatures in Fig. 3(c) are obtained by numerical differentiation
with respect to rotations. It can be seen from Fig. 3 that rotations
are continuous and there is a transitional region near the crack-
tip. The classical beam theory can be accurately applied to the area
far away from (e.g. jxjP 3ðt1 þ t2Þ) the crack-tip but it is not appli-
cable to the transitional region. When the continuous functions are
constructed to describe the substrate rotations in this region, Eq.
(6) can also be obtained, see Appendix A. The errors are mainly
caused by the rotation approximation near a crack-tip.
Using the developed mode partition condition of Eq. (6), we will
derive analytic solutions of energy release rates and show that the
derived modemixity correlates with the local one based on the sin-
gular-ﬁeld (Suo and Hutchinson, 1990) and crack-tip force (Scha-
pery and Davidson, 1990) models as well as ﬁnite element analysis.
2.2. Global mode partition method of energy release rates for
delamination
Williams (1988) proposed a global method based on the classi-
cal beam theory to calculate energy release rates. The global mode
partition method has been used for adhesive debonding and
delamination by a number of authors (Fernlund et al., 1994; Du-
cept et al., 2000; Bruno and Greco, 2001; Wang and Qiao, 2006).
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forces and bending moments can be summarized as follows (Wil-
liams, 1988; Bruno and Greco, 2001):
As shown in Fig. 1, the total energy release rate of a cracked
laminate subjected to axial forces and bending moments is given
by:
GT ¼ 12
N21
A1
þ N
2
2
A2
 N
2
0
A0
 !
þ M
2
1
D1
þM
2
2
D2
M
2
0
D0
 !" #
ð7Þ
where A is the extensional stiffness; N0 and M0 are given by:
N0 ¼ N1 þ N2; M0 ¼ M1 þM2 þ N2t1  N1t22 ð8Þ
For the sake of clarity in formulation, shear forces are not included
and symmetric lay-ups of the un-cracked part and substrates 1 and
2 are assumed in Eq. (7) to illustrate the present method clearly.
Force components of substrates can be expressed as:
M1 ¼ MI þMII
M2 ¼ WmIMI þWmIIMII

;
MI ¼ M2 WmIIM1WmI WmII
MII ¼ M2 WmIM1WmII WmI
8><
>>: ð9ÞN1 ¼ NI þ NII
N2 ¼ WnINI þWnIINII

;
NI ¼ N2 WnIIN1WnI WnII
NII ¼ N2 WnIN1WnII WnI
8><
>: ð10Þ
where NI and MI (or NII and MII) are the force components generat-
ing pure mode I (or II); WnI,WnII,WmI and WmII are the parameters
to be determined by the mode partition condition and coefﬁcients
of the cross product terms. Substituting Eqs. (9) and (10) into Eq.
(7) yields:
G¼1
2
ðNIþNIIÞ2
A1
þðWnINIþWnIINIIÞ
2
A2
½ð1þWnIÞNIþð1þWnIIÞNII 
2
A0
(
þðMIIþMIÞ
2
D1
þðWmIIMIIþWmIMIÞ
2
D2
 1
D0
ð1þWmIÞMIþð1þWmIIÞMIIþðt1WnI t2ÞNI2 þ
ðt1WnII t2ÞNII
2
 2)
ð11Þ
If the coefﬁcients of the cross product terms in Eq. (11) are equal to
zero, modes I and II are partitioned.When a laminate is subjected to
pure bending moments as shown in Fig. 2(a), the zero cross product
term requires:
WmI
WmII
D2
 1þWmII
D0
 
¼  1
D1
 1þWmII
D0
 
ð12Þ
IfWmI (orWmII) is determined by mode partition condition,WmII (or
WmI) can be found from Eq. (12) and then energy release rates GI
and GII are obtained from Eq. (7).
Similarly, the zero cross product term for a laminate subjected
to pure axial forces requires:
WnII
WnI
A2
 1þWnI
A0
þ t1ðt1WnI  t2Þ
4D0
 
¼  1
A1
 1þWnI
A0
 t1ðt1WnI  t2Þ
4D0
 
ð13Þ
IfWnI (orWnII) is found by the partition condition,WnII (orWnI) and
the energy release rates can be determined from Eqs. (13) and (7).2.3. Novel formulas of energy release rates for a laminate subjected to
bending moments
As discussed in Section 2.1, the pure mode I can be approxi-
mately realized by Eq. (6). By solving (M2/M1) from Eqs. (6) and
using (12), we have:
WmI ¼ 
t1
D1
þ t1 þ t2
D0
t2
D2
þ t1 þ t2
D0
; WmII ¼ 
1
D1
 1þWmI
D0
WmI
D2
 1þWmI
D0
ð14Þ
By utilizing Eqs. (9) and (14),MI andMII can be determined. The
partitioned energy release rates are then derived by substitutingMI
and MII into Eq. (7). The novel formulas of energy release rates GI
and GII for a cracked laminate subjected to bending moments are
obtained as follows:
GI ¼ 12
1
D1
þ ðWmIÞ
2
D2
 ð1þWmIÞ
2
D0
" #
M2 WmIIM1
WmI WmII
 2
GII ¼ 12
1
D1
þ ðWmIIÞ
2
D2
 ð1þWmIIÞ
2
D0
" #
M2 WmIM1
WmII WmI
 2
8>>><
>>>>:
ð15Þ
where WmI and WmII are given in Eq. (14).
By using Eq. (15), mode ratio (GII/GI) for isotropic laminates
(E1 = E2, where E is Young’s modulus) in terms of thickness and
bending moment ratios can be derived and is given by:
GII
GI
¼ 3ð7þ 11r þ 7r
2Þ½1þ 2r þ 2ð1þ rmÞr2 þ 2rmr3 þ rmr42
ð1þ rÞð7þ 18r þ 18r2 þ 7r3Þð2þ 3r  3rmr2  2rmr3Þ2
ð16Þ
where,
r ¼ t1
t2
; rm ¼ M2M1 ð17Þ
When a cracked isotropic laminate is subjected to a pair of equal
but opposite bending moments (M1 = M2 =M), the following sim-
ple formula of the mode ratio can be obtained:
GII
GI
¼ 3ð1 r
2Þ2
ð2þ r þ 2r2Þ2
ð18Þ
For the case of a cracked isotropic laminate subjected to bending
momentM in one arm (M1 =M;M2 = 0), we have the following sim-
ple mode ratio equation:
GII
GI
¼ 3ð1þ 2r þ 2r
2Þ2
ð2þ 5r þ 3r2Þ2
ð19Þ
Eq. (15) is derived on the basis of the present Eq. (6) by using the
global partition method. However, the mode mixity of Eq. (15) cor-
relates well with the local mixities based on the singular ﬁeld and
crack-tip forces models, See Section 4.
For a cracked laminate subjected to pure axial forces in the sub-
strates, wnI = A2/A1 can be derived by using the same procedure as
that for the bending moment loading case. If this mode partition
equation is used for a cracked isotropic laminate, NI = 0 will be de-
rived by using Eqs. (10) and (13). This result indicates that further
investigations need to be conducted for a cracked laminate with
axial forces.
Instead of using the global method, we will combine the local
method with the derived energy release rates in Eq. (15) to deter-
mine the energy release rates for a cracked laminate subjected to a
combination of axial forces and bending moments.
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general loadings
3.1. Energy release rates of laminates subjected to axial forces and
bending moments
When a cracked laminate is subjected to a combination of axial
forces and bending moments, Schapery and Davidson (1990) ex-
pressed the total energy release rate as:
GT ¼ 12 ðk1dN
2
c þ k4dM2c  2k2dNcMcÞ ð20Þ
where
k1d ¼ 4aa1A1 þ
4aa2
A2
; k2d ¼ 12 ð
t1
D1
 t2
D2
Þ; k4d ¼ 1D1 þ
1
D2
aa ¼ 1þ aki4 ; aki ¼
Ait2i
4Di
ði ¼ 1;2Þ
8><
>: ð21Þ
Nc ¼ N1  A1 1A0 ðN1 þ N2Þ 
t2
2D0
ðM1 þM2 þ N2t1  N1t22 Þ
 
Mc ¼ D1D0 ðM1 þM2 þ
N2t1  N1t2
2
Þ M1
 
 t1
2
A1
1
A0
ðN1 þ N2Þ  t22D0 ðM1 þM2 þ
N2t1  N1t2
2
Þ
 
 N1
 
8>>>><
>>>>:
ð22Þ
in which Nc and Mc are the crack-tip forces, as shown in Fig. 4. It is
noted that shear forces Q1, Q10 and Qc are not considered in the
above formulations. Symbols k1d, k2d and k4d are different from
those of Schapery and Davidson (1990) but are consistent with
our previous formulations (Luo and Tong, 2009b).
Schapery and Davidson (1990) expressed energy release rates GI
and GII as:ﬃﬃﬃﬃﬃﬃﬃ
2GI
p ¼ c1Nc þ c2Mcﬃﬃﬃﬃﬃﬃﬃﬃ
2GII
p ¼ c3Nc þ c4Mc
(
ð23Þ
where ci (i = 1, 2, 3, 4) are the conﬁguration coefﬁcients to be
determined.
As the total energy release rate given in Eqs. (20) and (23)
should be the same, one has (Schapery and Davidson, 1990):
c21 þ c23 ¼ k1d
c22 þ c24 ¼ k4d
c1c2 þ c3c4 ¼ k2d
8><
>: ð24Þ
As indicated by Schapery and Davidson (1990), there is insufﬁcient
information to partition modes I and II because the four coefﬁcients
in Eq. (23) cannot be determined by the three equations in Eq. (24).
It is worth noting that the remaining one parameter is independent
on loadings and can be calibrated by using one speciﬁc loading case
for a given laminate conﬁguration. Schapery and Davidson (1990)
calibrated this parameter by using the FEA.
Energy release rates GI and GII given in Eq. (15) for a cracked
laminate subjected to bending moments can be used to determineSubstrate 1 
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M1 M01
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Q1 Q01
Mc          Nc
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Fig. 4. Crack-tip forces of a cracked laminate subjected to general loadings.the remaining parameter instead of using the numerical calibra-
tion. When the loading case (M1 = M2 =M) is considered, we
have:
Nc ¼ 0; Mc ¼ M; MI ¼ ð1þWmIIÞMWmI WmII ; MII ¼ 
ð1þWmIÞM
WmII WmI
ð25Þ
Energy release rates GI and GII can be readily obtained by Eq.
(15) and (25) for this loading case. Substituting GI, GII, Nc (= 0) and
Mc (=M) into Eq. (23) yields:
c2 ¼ ð1þWmIIÞWmI WmII
				
				
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
D1
þ ðWmIÞ
2
D2
 ð1þWmIÞ
2
D0
" #vuut
c4 ¼ ð1þWmIÞWmII WmI
				
				
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
D1
þ ðWmIIÞ
2
D2
 ð1þWmIIÞ
2
D0
" #vuut
8>>>><
>>>>:
ð26Þ
Coefﬁcients c2 and c4 in Eq. (26) are dependent on material and geo-
metric parameters only even though they are determined by using
the loading case (M1 = M2 =M).
By using Eqs. (12) and (14), it can be proven that c2 and c4 given
in Eq. (26) satisfy the 2nd equation in Eq. (24). By substituting Eq.
(26) into the 1st and 3rd equations in Eq. (24), coefﬁcients c1 and c3
can be solved and they are given by:
c1¼ 1k4d ½c2k2dþc4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1dk4dk22d
q
; c3¼ 1k4d ½c4k2dc2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1dk4dk22d
q
 ðk2d>0Þ
c1¼ 1k4d ½c2k2dc4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1dk4dk22d
q
; c3¼ 1k4d ½c4k2dþc2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1dk4dk22d
q
 ðk2d<0Þ
8>><
>:
ð27Þ
When a cracked laminate is subjected to a combination of axial
forces and bending moments, energy release rates GI and GII can
be readily calculated by using Eq. (23), where ci (i = 1, 2, 3, 4) are gi-
ven by Eqs. (26) and (27); Nc andMc are given in Eq. (22) for the case
of symmetric lay-ups.
By using Eqs. (22), (23), (26), and (27), simple expressions of
mode ratio (GI/GII) of a cracked isotropic beam subjected to axial
forces for two loading cases (N1 = N2 = N) and (N1 = N; N2 = 0)
can be derived as follows:
GI
GII
¼ 3ð1 r
2Þ2
ð2þ r þ 2r2Þ2
ð28Þ
It is interesting that the mode ratio (GI/GII) for the two loading cases
is identical and it is equal to the mode ratio (GII/GI) (exchanging
modes I and II) for the equal and opposite bending moments by
comparing Eq. (18) with (28).
A detailed numerical veriﬁcation for the simple formulas in Eqs.
(16), (18), (19), and (28) will be presented in Section 4.
3.2. Shear force effects
In Section 3.1, shear force effects are not considered. When
shear forces are included, there are 3 crack-tip force components
Nc,Mc and Qc as shown in Fig. 4. By using the same virtual crack
closure technique as that in Schapery and Davidson (1990), the to-
tal energy release rate can be obtained as:
GT ¼ 12 ðk1dN
2
c þ k4dM2c  2k2dNcMcÞ þ
1
2
k5dQ
2
c ð29Þ
where,
k5d ¼ 1Gk1 þ
1
Gk2
ð30Þ
in which, Gk1 and Gk2 are the shear stiffness of substrates 1 and 2. As
Qc contributes to GI only (Williams, 1988; Luo and Tong, 2009a), the
3340 Q. Luo, L. Tong / International Journal of Solids and Structures 49 (2012) 3335–3344contribution of Qc to the total the energy release rate is uncoupled
with the axial forces and bending moments (Li et al., 2004).
The energy release rates GI and GII can be approximately ex-
pressed as:
GI ¼ 12 ½c1Nc þ c2Mc
2 þ 1
2
k5dQ
2
c
GII ¼ 12 ½c3Nc þ c4Mc
2
8><
>>: ð31Þ
Here, only the uncoupled shear effect is considered. In this case, ci
(i = 1, 2, 3, 4) in Eq. (31) can still be calculated by Eqs. (26) and
(27). The uncoupled formulation of shear effects on delamination
was also presented by Li et al. (2004), in which FEA was used to
study the shear force effect. To model shear force inﬂuences on
delamination, the shear deformable beam theory have been used
by a number of authors (Bruno and Greco, 2001; Bruno et al.,
2003; Wang and Qiao, 2006; Luo and Tong, 2009a). It is worth not-
ing that shear effects on delamination may be very complicated,
particularly for slender substrates (Bruno and Greco, 2001; Li
et al., 2004). In Eq. (31), Qc can be found by the equilibrium equation
in vertical direction and shear stress distributions of the classical
beam theory or by using the analytical solutions of the shear and
peel stresses in Luo and Tong (2009a):
Nc ¼
Z 1
0
sdx; Qc ¼
Z 1
0
rdx; Mc ¼
Z 1
0
rxdx ð32Þ
Numerical comparisons show that Nc,Mc and Qc obtained by these
two methods are the same. If the coupling effects of shear forces
are considered, Nc,Mc and Qc depend on the laminate length. In this
case, it is difﬁcult to use the classical beam theory to account for
shear force effects on energy release rates.
In the above formulations, symmetric lay-ups of laminates are
assumed. When lay-ups of the laminate and substrates are asym-
metric, the formulations are given in Appendix B. In the present
formulations, the global mode partition method is used to derive
mode mixity for a cracked laminate subjected to bending moment
only. As compared to partition conditions in the existing litera-
tures, a salient point of Eq. (6) is that the cross-section rotations
of substrates near a crack-tip are approximately expressed by
using those in the cracked and un-cracked parts. For a cracked lam-
inate subjected to axial forces and bending moments, the crack-tip
force model is utilized. The crack-tip forces are not real forces and
they can be interpreted as point Lagrange multipliers in treating
interface stiffness as penalty parameters (Greco et al., 2002; Bruno
et al., 2003). The crack-tip forces or the concentrated forces at the
crack-tip have been widely used in linear elastic fracture mechan-0
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Fig. 5. Mode ratio (GI/GT) versus thickness ratio (t1/t2) for a cracked isotropic
laminate subjected to equal and opposite bending moments.ics to reﬂect inﬂuence of stress singularity even though they can be
determined by the global equilibrium conditions for a cracked lam-
inate. Therefore, it is expected that mode mixities predicted by the
present formulations are approximations of the local ones.
4. Numerical results and discussion
4.1. Comparisons with the singular-ﬁeld model
When a cracked isotropic beam is subjected to equal and oppo-
site bending moments, a novel simple formula of (GII/GI) is given in
Eq. (18). Numerical comparisons of mode ratio (GI/GT) versus thick-
ness ratio r (=t1/t2) are illustrated in Fig. 5. It is seen that the mode
ratios predicted by the present formula are almost the same as
those based on the singular ﬁeld (Suo and Hutchinson, 1990) when
r P 0:4. When r = 0.3, 0.2 and 0.1, the mode ratios predicted by the
present formula are 1.39%, 2.12% and 4.63% less than those based
on the singular ﬁeld (Suo and Hutchinson, 1990).
When a cracked isotropic beam is subjected to equal and oppo-
site axial forces, the mode ratio of (GI/GII) is given in Eq. (28). The
numerical results of mode ratio (GI/GT) versus thickness ratio (t1/
t2) are shown in Fig. 6. Also, the mode ratios (GI/GT) calculated
using the present formula are almost the same as those based on
the singular ﬁeld (Suo and Hutchinson, 1990) when r P 0:4. When
r = 0.3, 0.2 and 0.1, the mode ratios predicted by the present
formula are 2.15%, 3.19% and 6.51% larger than those based on
the singular ﬁeld (Suo and Hutchinson, 1990).
By using Eq. (16), the mode ratio in terms of the bending mo-
ment ratio rm (=M2/M1) can be readily derived for the speciﬁed
thickness ratio. When r = 0.5, we have:
GII
GI
¼ ð40þ 13rmÞ
2
48ð7 2rmÞ2
ð33Þ
The numerical results of (GI/GT) versus (M2/M1) predicted by Eq.
(33) and those of Suo and Hutchinson (1990) are plotted in Fig. 7,
which shows a good agreement. In Figs. 5–7, the data for Suo and
Hutchinson (1990) and Bruno and Greco (2001) are taken from Bru-
no and Greco (2001). As the total energy release rate is the same for
different formulations in Figs. 5–7, the present closed-form formu-
las of energy release rates for delamination correlate well with
those based on the singular-ﬁeld (Suo and Hutchinson, 1990).
In Figs. 5–7, the global mode ratios (Bruno and Greco, 2001; Luo
and Tong, 2009b) are also given. It can be proven that if (M0/D0)
(curvature, approximately reﬂecting inﬂuence of local deforma-
tions) is removed from Eq. (6), the derived mode mixity will be
the same as that given in Luo and Tong (2009b). It is seen that,0
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sidered, the derived mode mixities are local, and otherwise global.
By using the mode partition approach in Section 2.2, different
partition conditions result in different mode mixities. When the
pure mode II is obtained by Mc = 0, the mode mixity of a laminate
subjected to bending moments is the same as that of Bruno and
Greco (2001) and Wang and Qiao (2006). When smax = 0 (mode I)
or rmax = 0 (mode II) Luo and Tong (2009b) is used for the mode
partition, the mode mixity in Luo and Tong (2009b) can be derived.
Therefore, a number of different formulas of energy release rates
for delamination are due to the different partition conditions.4.2. Comparisons with ﬁnite element analysis using virtual crack
closure technique
Finite element analysis using NASTRAN is conducted for the
cracked laminate shown in Fig. 1 ﬁxed at the right end. The
input data are: E = 70 GPa, m = 0.3, a = 60 mm, L = 160 mm, t1 =
3 mm, t2 = 30, 15, 10, 8, 6, 5, 4.5, 4, 3.5 and 3 mm. In the present
FEA, the VCCT (Rybicki and Kanninen, 1977; Raju et al., 1988) is
used to calculate energy release rates.
When the loading cases (N1 = N2 = N) and (N1 = N; N2 = 0) are
considered, the mode ratios (GI/GT) of the cracked isotropic lami-
nate predicted by the FEA are shown in Fig. 8, in which the predic-
tions of Suo and Hutchinson (1990) for the loading case
(N1 = N2 = N) are given for the purpose of comparisons.0
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Fig. 8. Mode ratios predicted by the FEA for loading cases (N1 = N; N2 = 0) and
(N1 = N2 = N) and by Suo and Hutchinson (1990) for (N1 = N2 = N).It is seen that, when a cracked isotropic laminate subjected to a
pair of equal and opposite axial forces, the mode ratios predicted
by the FEA and Suo and Hutchinson (1990) are almost the same.
When r = 0.3, 0.2 and 0.1, their differences are 1.89%, 2.12% and
0.92% respectively. It can be deemed that the convergent FEA
results have been obtained. The FEA results in Fig. 8 show that
the mode ratio is the same for both of loading cases
(N1 = N2 = N) and (N1 = N; N2 = 0), which conﬁrms the present
prediction given in Eq. (28). It should be noted that the total energy
release rates for the two loading cases are different.
Fig. 9 illustrates the mode ratios for a cracked isotropic laminate
subjected to an axial force or bending moment in substrate 1 pre-
dicted by the present Eq. (19), Eq. (28) and the FEA. Fig. 9 indicates
that the mode ratios (GI/GT) predicted by the present analytic for-
mulas and the FEA are almost the same when r P 0:4 for the load-
ing cases (M1 =M;M2 = 0) and (N1 = N; N2 = 0). When r = 0.3, 0.2
and 0.1, the mode ratios calculated by Eq. (19) (M1 =M;M2 = 0)
are 2.41%, 3.46% and 5.32% less than those of the FEA and the mode
ratios calculated by Eq. (28) (N1 = N; N2 = 0) are 3.84%, 5.14% and
7.34% larger than the FEA, respectively.
Figs. 5–7 and 9 show that simple formulas of the mode ratios
given in Eqs. (18), (19), (28), and (33) are in good agreement with
those based on the singular ﬁeld model (Suo and Hutchinson,
1990) and the VCCT based ﬁnite element analysis. It is believed
that the slightly large differences for the case of (r 6 0:3) are due
to approximations in the derivation of Eq. (6) such as the rigid
plane assumption, transitional region description and concentrated
forces at the crack-tip.
4.3. Comparisons with the crack-tip force model
Schapery and Davidson (1990) studied a homogeneous and iso-
tropic plate in plane strain with an off-center crack:
t1 = 1; t2 = 0.5; E1 = E2 = 1; and m1 = m2 = 0.3. They calibrated the un-
known parameter using the FEA and obtained (Schapery and
Davidson, 1990):ﬃﬃﬃﬃﬃﬃﬃ
2GI
p ¼ 0:398Nc þ 9:12Mcﬃﬃﬃﬃﬃﬃﬃﬃ
2GII
p ¼ 3:28Nc þ 3:89Mc
(
ð34Þ
The present analytical solutions for this cracked laminate are:
ﬃﬃﬃﬃﬃﬃﬃ
2GI
p ¼ 0:379Nc þ 9:10Mcﬃﬃﬃﬃﬃﬃﬃﬃ
2GII
p ¼ 3:28Nc þ 3:94Mc
(
ð35Þ
3342 Q. Luo, L. Tong / International Journal of Solids and Structures 49 (2012) 3335–3344A comparison of the coefﬁcients in Eqs. (34) and (35) reveals that
the present analytical solutions of GI and GII correlate quite well
with those based on the crack-tip forces given by Schapery and
Davidson (1990).
It should be pointed out that the proposed mode partition
condition in Eq. (6) is approximate and complex stress intensity
factors for interface fracture have not been considered. These is-
sues are to be further investigated.5. Conclusion
A new mode partition equation is presented to determine en-
ergy release rates of a cracked laminate subjected to bending mo-
ments and the analytic formulas of the energy release rates are
derived by using the global method. The closed-form solutions of
the mode mixity for a cracked laminate with axial and bending
moments are obtained by combining the local method based on
the crack-tip force model.
Numerical results show that mode mixities predicted by the
present closed-form formulas correlate well with those based on
the singular ﬁeld and crack-tip force models and ﬁnite element
analysis. This validates the suitability of the proposed mode parti-
tion condition in Eq. (6) for a cracked laminate subjected to bend-
ing moments despite of the approximation. The analytic solutions
of energy release rates for the load case with pure bending mo-
ments could be used to replace the numerical calibration for a
cracked laminate subjected to axial forces and bending moments.
Differences and relationships of global and local mode mixities
are discussed on the basis of the present formulations. That is, the
local details (stress, force or deformation) near a crack-tip are not
included in the global mode mixity but they are modeled in formu-
lations of the local mode mixity.
The derived formulas of mode ratios for a cracked isotropic lam-
inate subjected to four types of loading: (1) (M1 = M2 =M), (2)
(M1 =M;M2 = 0), (3) (N1 = N2 = N) and (4) (N1 = N; N2 = 0) are sim-
ple and reasonably accurate.
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Appendix A. Deformation analysis near a crack-tip of a cracked
laminate subjected to pure bending moments
As indicated in Section 2, there exists a transitional region near
a crack-tip for cross-section rotations and curvatures. Strictly
depicting this region needs two-dimensional analysis. In Section 2,
formulations based on the beam theory are conducted by using the
Taylor series. In this appendix, we will use the classical beam and
ﬁtted function to describe the cross-section rotations in the transi-
tional region and to derive the mode partition equation.
We divide substrates into three segments and respectively ex-
press the rotations as:
/iðxÞ ðx 6 ci Þ
/iðxÞ ðci 6 x 6 cþi Þ
/i0ðxÞ ðxP cþi Þ
8><
>: ði ¼ 1;2Þ ðA1Þ
When ðx 6 ci Þ or ðxP cþi Þ the rotations and curvatures can be
accurately depicted by using the classical beam theory. At x ¼ ci
and x ¼ cþi , we have:
d/iðci Þ
dx
¼ Mi
Di
;
d/i0ðcþÞ
dx
¼ Mi0
Di
¼ M0
D0
ðA2ÞIn a region of ðci 6 x 6 cþi Þ, /iðxÞ (i = 1, 2) may be constructed
based on the following boundary conditions:
/iðci Þ¼/iðci Þ; /iðcþÞ¼/i0ðcþÞ; /0iðci Þ¼/0iðci Þ; /0iðcþi Þ¼/0i0ðcþi Þ ði¼1;2Þ
ðA3Þ
On the basis of ﬁtted function, /iðxÞ (i = 1, 2) can be simply ex-
pressed as:
/iðxÞ ¼ ai0 þ ai1xþ ai2x2 þ ai3x3 ðci 6 x 6 cþi Þ ði ¼ 1;2Þ; ðA4Þ
where aij (i = 1, 2; j = 0, 1, 2, 3) are the coefﬁcients to be determined
by utilizing Eq. (A3).
By substituting Eq. (A4) into (A3), aij can be determined. By
assuming ci ¼ cþi ¼ c (i = 1, 2), the following equations can be
obtained:
ai0  ai1c þ ai2c2  ai3c3 ¼ /iðcÞ
ai0 þ ai1c þ ai2c2 þ ai3c3 ¼ /i0ðcÞ
ai1  2ai2c þ 3ai3c2 ¼ /0iðcÞ
ai1 þ 2ai2c þ 3ai3c2 ¼ /0i0ðcÞ
8>>><
>>>:
ði ¼ 1;2Þ ðA5Þ
The coefﬁcients aij (i = 1, 2; j = 0, 1, 2, 3) can be solved from Eq. (A5)
and they are given by:
ai0 ¼ 12 ½/i0ðcÞ þ /iðcÞ  c4 ½/0i0ðcÞ  /0iðcÞ
ai1 ¼ 12 f 32c ½/i0ðcÞ  /iðcÞ  12 ½/0i0ðcÞ þ /0iðcÞg
ai2 ¼ 14c ½/0i0ðcÞ  /0iðcÞ
ai3 ¼ 14c2 f½/0i0ðcÞ þ /0iðcÞ  1c ½/i0ðcÞ  /iðcÞg
8>>><
>>>:
ðA6Þ
Based on Eqs. (A3), (A4), and (A6), one has:
ai1 ¼ 12
3
2c
½/iðcÞ  /iðcÞ  12 ½
/0iðcÞ þ /0iðcÞ
 
; /0ið0Þ ¼ ai1 ðA7Þ
When the central ﬁnite difference method is applied to Eq. (A7), the
following equation can be derived:
/0ið0Þ ¼
1
2
½/0i0ðcÞ þ /0iðcÞ ðA8Þ
By using the mode partition condition to obtain the pure mode I
as discussed in Section 2, Eq. (6) can be obtained.Appendix B. Energy release rates for a cracked laminate with
asymmetric lay-ups
When lay-ups of a cracked laminate and substrates are asym-
metric, the formulations should be modiﬁed by taking into account
the effects of extension-bending coupling stiffness B. In this case,
the total energy release rate for a cracked laminate subjected to
bending moments is given by (see Eq. (7)):
GT ¼ 12
M21
ðD1=A1Þ þ
M22
ðD2=A2Þ 
M20
ðD0=A0Þ
" #
ðB1Þ
where
Di ¼ AiDi  B2i ði ¼ 0;1;2Þ ðB2Þ
The mode partition equation (WmI) for pure mode I and parameter
WmII are (see Eq. (14)):
WmI ¼ 
t1
ðD1=A1Þ þ
t1 þ t2
ðD0=A0Þ
t2
ðD2=A2Þ þ
t1 þ t2
ðD0=A0Þ
; WmII ¼ 
1
ðD1=A1Þ 
1þWmI
ðD0=A0Þ
WmI
ðD2=A2Þ 
1þWmI
ðD0=A0Þ
ðB3Þ
The energy release rates are (see Eq. (15)):
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1
ðD1=A1Þ þ
ðWmIÞ2
ðD2=A2Þ 
ð1þWmIÞ2
ðD0=A0Þ
" #
M2 WmIIM1
WmI WmII
 2
GII ¼ 12
1
ðD1=A1Þ þ
ðWmIIÞ2
ðD2=A2Þ 
ð1þWmIIÞ2
ðD0=A0Þ
" #
M2 WmIM1
WmII WmI
 2
8>>><
>>>>:
ðB4Þ
Eqs. (21) and (22) need to be modiﬁed as:
k1d ¼ ð4aa1D1D1 þ
4aa2D2
D2
Þ  ðt1B1
D1
 t2B2
D2
Þ
k2d ¼ ðt1A12D1 
A2t2
2D2
Þ  ðB1
D1
þ B2
D2
Þ; k4d ¼ A1D1 þ
A2
D2
8>><
>>:
ðB5Þ
Nc ¼ ðN1  N01Þ; Mc ¼ ðM01 M1Þ  t12 ðN01  N1Þ ðB6Þ
where
N01
M01
( )
¼
A1 B1
B1 D1
" #
1
D0
1
2 ð2D0 þ t2B0Þ  12 ð2B0 þ t2A0Þ
B0 A0
" #

N1 þ N2
M1 þM2 þ 12 ðN2t1  N1t2Þ
( )
ðB7Þ
Eq. (26) becomes:
c2 ¼ j ð1þWmIIÞWmI WmII j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½ 1ðD1=A1Þ þ
ðWmIÞ2
ðD2=A21Þ 
ð1þWmIÞ2
ðD0=A0Þ 
s
c4 ¼ j ð1þWmIÞWmII WmI j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½ 1ðD1=A1Þ þ
ðWmIIÞ2
ðD2=A2Þ 
ð1þWmIIÞ2
ðD0=A0Þ 
s
8>>><
>>>:
ðB8Þ
Except for Eqs. (B1)–(B8), the other equations are the same as
those in the main text.
Schapery and Davidson (1990) investigated energy release rates
for interface fracture of bi-materials in plane strain state. The bi-
material laminate conﬁguration is: t1 = t2 = 1; E1 = 1; E2 = 1.923;
m1 = 0.3 and m2 = 0.0. By using the FEA to calibrate the unknown
parameter, Schapery and Davidson (1990) obtained:
GT ¼ 12 ð5:72N
2
c þ 17:2M2c  4:68NcMcÞ ðB9Þ
ﬃﬃﬃﬃﬃﬃﬃ
2GI
p ¼ 0:174Nc þ 4:09Mcﬃﬃﬃﬃﬃﬃﬃﬃ
2GII
p ¼ 2:39Nc  0:683Mc
(
ðB10Þ
For this cracked bi-material laminate, the total energy release rate
GT predicted by the present formulation is the same as in Eq. (B9)
and the formulas for
ﬃﬃﬃﬃﬃﬃﬃ
2GI
p
and
ﬃﬃﬃﬃﬃﬃﬃﬃ
2GII
p
are:
ﬃﬃﬃﬃﬃﬃﬃ
2GI
p ¼ 0:116Nc þ 4:07Mcﬃﬃﬃﬃﬃﬃﬃﬃ
2GII
p ¼ 2:39Nc  0:782Mc
(
ðB11Þ
By comparing Eq. (B10) with (B11), the difference in c1 is relatively
larger and the other coefﬁcients correlate well with each other. The
larger difference in c1 may be due to its small value. Its inﬂuence on
the mode mixity is also small. Therefore, the present formulations
for a cracked laminate with asymmetric lay-ups correlate reason-
ably with the crack-tip force model for this case.
On the other hand, in Eq. (B10), c21 þ c23 ¼ 5:74 – k1d ¼ 5:72
(Schapery and Davidson, 1990). That is, the total energy release
rate given in (B10) is not equal to that in Eq. (B9). The total energy
release rates of Eq. (B11) and (B9) are the same. It should be
pointed out that the material dislocation in the interface is not
modeled in the present formulation and it could be partially mod-
eled in FEA (Raju et al., 1988). The formulations and numerical re-sults presented in this appendix indicate that approaches
presented in this paper could be potentially extended to studying
mode mixity for interface fracture of bi-materials and delamina-
tion of composite with angle-ply lay-ups by considering two Dun-
durs parameters for the bi-materials interface.References
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